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COMBINATORIAL RIGIDITY OF 3-DIMENSIONAL SIMPLICIAL
POLYTOPES
SUYOUNG CHOI AND JANG SOO KIM
Abstract. A simplicial polytope is combinatorially rigid if its combinatorial
structure is determined by its graded Betti numbers which are important in-
variant coming from combinatorial commutative algebra. We find a necessary
condition to be combinatorially rigid for 3-dimensional reducible simplicial
polytopes and provide some rigid reducible simplicial polytopes.
1. Introduction
Davis and Januskiewicz [5] introduced the notion of what is now called a qua-
sitoric manifold which is a real 2d-dimensional closed smooth manifold M with a
locally standard smooth action of T := (S1)d whose orbit space can be identified
with a simple polytope. We note that there is a natural bijection between the set
of simple polytopes and the set of simplicial polytopes via the dual operation. A
quasitoric manifoldM is said to be over a simplicial polytope P if the orbit space of
M can be identified with the dual of P .1 By Davis and Januskiewicz [5], the equi-
variant cohomology ring H∗T (M) = H
∗(ET ×T M) with Z-coefficient is isomorphic
to the face ring Z[P ] of P as a graded ring, where ET is a contractible space which
admits a free T -action. We note that the natural projection p : ET ×T M → BT
induces a H∗(BT )-module structure of H∗T (M), where BT := ET/T . They also
showed that it is a free-module, i.e., H∗T (M)
∼= H∗(M)⊗H∗(BT ). Hence, we deduce
that H∗(M) ∼= H∗T (M)/p
∗(H∗(BT )) ∼= Z[P ]/p∗(H∗(BT )), where p∗ : H∗(BT ) →
H∗T (M) is the induced map of p. See [2, Section 5] for more details. Thus H
∗(M)
contains some information of the orbit space P . With this viewpoint, Choi et al.
[4] defined the cohomological rigidity of P as follows.2 A simplicial polytope P is
cohomologically rigid if there exists a quasitoric manifold M over P , and whenever
there exists a quasitoric manifold N over another polytope Q with a graded ring
isomorphism H∗(M) ∼= H∗(N), then P = Q up to isomorphism. Choi et al. [4]
also showed that H∗(M) ∼= H∗(N) implies βi,j(P ) = βi,j(Q) for all i, j, where
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βi,j(P ) is the (i, j)th graded Betti number of P . One can define the graded Betti
numbers βi,j(P ) using a finite free resolution of the face ring of P , for example see
[3]. Instead of doing this, we will simply take the following Hochster’s formula as
the definition of βi,j(P ):
(1) βi,j(P ) =
∑
W⊂V (P )
|W |=j
dimk H˜j−i−1(P |W ;k),
where V (P ) is the set of vertices of P , k is an arbitrary field and P |W is the
realization of the simplicial complex {F ∩ W : F ∈ ∆(P )}, where ∆(P ) is the
boundary complex of P .
With this motivation, we define the following.
Definition 1.1. A simplicial polytope P is combinatorially rigid (or simply rigid)
if we have P = P ′ for any simplicial polytope P ′ satisfying βi,j(P ) = βi,j(P
′) for
all i, j ≥ 0.
Hence, if P supports a quasitoric manifold and P is combinatorially rigid, then
P is cohomologically rigid.
In the present paper, we investigate the combinatorial rigidity of 3-dimensional
simplicial polytopes. Remark that since all 3-dimensional simplicial polytopes sup-
port quasitoric manifolds, 3-dimensional combinatorially rigid polytopes are coho-
mologically rigid.
Let P be a 3-dimensional simplicial polytope with n vertices. Then dimk H˜j−i−1(P |W ;k) =
0 if j − i − 1 ≥ 2 for W ( V (P ) and dimk H˜j−i−1(P |W ;k) = δj−i−1,2 for
W = V (P ), where δx,y = 1 if x = y and 0 otherwise. Thus it is enough to consider
βi−1,i(P ) and βi−2,i(P ). By the Poincare´ duality βi,j(P ) = βn−3−i,n−j(P ), we have
βi−2,i(P ) = βn−i−1,n−i(P ). Thus we only need to consider βi−1,i(P ), which we will
call the ith special graded Betti number and we denote bi(P ) := βi−1,i(P ). By (1),
we can interpret bi(P ) in a purely combinatorial way as follows:
(2) bi(P ) =
∑
W⊂V (P )
|W |=i
(cc(P |W )− 1) ,
where cc(P |W ) denotes the number of connected components of P |W .
From the above observation, we get the following proposition.
Proposition 1.1. Let P be a 3-dimensional simplicial polytope. Then P is com-
binatorially rigid if and only if P is determined by bi(P )’s for i ≥ 0.
So far, several polytopes are proved to be cohomologically rigid. In 3-dimensional
case, Choi et al. [4] classified all cohomologically rigid polytopes with at most 9
vertices using computer and proved that the icosahedron is cohomologically rigid.
Since they only used the graded Betti numbers, what they found are combinatorially
rigid as well.
To state our main results we need to define connected sum which is a simple op-
eration to get a d-dimensional simplicial polytope from two d-dimensional simplicial
polytopes.
Let P1 and P2 be simplicial polytopes. A connected sum of P1 and P2 is a
polytope obtained by attaching a facet of P1 and a facet of P2. It depends on the
way of choosing the two facets and identifying their vertices. Let C(P1#P2) denote
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# T4 O6 I12 Bn, n ≥ 7 ξ1(C8) ξ2(C8) ξ1(D20) ξ2(D20)
T4 rigid rigid rigid rigid ? ? ? ?
O6 - rigid ? rigid ? ? ? ?
I12 - - ? ? ? ? ? ?
Table 1. Combinatorial rigidity of a connected sum of two irre-
ducible polytopes.
the set of connected sums of P1 and P2. If there is only one connected sum of P1
and P2 up to isomorphism, then we will write the unique polytope as P1#P2.
If a simplicial polytope P can be expressed as a connected sum of two polytopes,
then P is called reducible. Otherwise, P is called irreducible.
Let T4, C8, O6, D20 and I12 be the five Platonic solids: the tetrahedron, the
cube, the octahedron, the dodecahedron and the icosahedron respectively.
In this paper, we prove the following necessary condition to be combinatorially
rigid for 3-dimensional reducible simplicial polytopes. See Section 2 or Figures 1, 2
and 3 for the definition of ξ1(C8), ξ2(C8), ξ1(D20), ξ2(D20) and Bn, the bipyramid
with n vertices.
Theorem 1.2. Let P be a 3-dimensional simplicial polytope. If P is reducible and
combinatorially rigid, then P is either T4#T4#T4 or P1#P2, where
P1 ∈ {T4, O6, I12},
P2 ∈ {T4, O6, I12, ξ1(C8), ξ2(C8), ξ1(D20), ξ2(D20)} ∪ {Bn : n ≥ 7}.
Note that Bn is defined for n ≥ 5 and we have B5 = T4#T4 and B6 = O6.
In fact, T4#T4#T4 is known to be rigid, see [4]. We also prove that P1#P2 is
rigid for some P1 and P2 in Theorem 1.2.
Theorem 1.3. The following polytopes are combinatorially rigid:
T4#T4, T4#O6, T4#I12, T4#Bn, O6#O6, O6#Bn,
where n ≥ 7. See Table 1.
The rest of this paper is organized as follows. In Section 2 we prove Theorem 1.2.
In Section 3 we find the maximum of bn−4(P ) for a simplicial polytope P with n
vertices. In Section 4 we prove Theorem 1.3.
2. A necessary condition for rigid reducible polytopes
The authors [3] found the following formula for the special graded Betti numbers
of P ∈ C(P1#P2) for d-dimensional simplicial polytopes P1 and P2 with n1 and n2
vertices respectively:
(3) bk(P ) =
k∑
i=0
(
bi(P1)
(
n2 − d
k − i
)
+ bi(P2)
(
n1 − d
k − i
))
+
(
n1 + n2 − 2d
k
)
.
The above formula says that the special graded Betti numbers of a connected
sum of two polytopes do not depend on the ways of choosing the two facets and
identifying them. Thus we get the following.
Proposition 2.1. Let P ∈ C(P1#P2) for d-dimensional simplicial polytopes P1
and P2. If P is rigid, then P is the only element in C(P1#P2).
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Figure 1. C8, ξ1(C8) and ξ2(C8).
From now on, all polytopes that we consider are 3-dimensional and simplicial
unless otherwise stated. As usual for 3-dimensional polytopes, we will call 0, 1,
2-dimensional face, respectively, vertex, edge and face. We will sometimes identify
a polytope P with its graph which is also called the 1-skeleton of P . For a set B of
vertices, P |B is the subgraph of P induced by B.
Let P be a polytope with vertex set V . A k-belt of P is a set B = {v1, v2, . . . , vk}
of k vertices such that P |B is a k-gon and P |V \B is disconnected. Let |V | = n. It
is easy to see that if bn−k(P ) 6= 0 for k > 0, then P has a t-belt for some t ≤ k.
Note that P has a 3-belt if and only if P is reducible. If P ∈ C(P1#P2), then
the vertices of the attached face of P1 (or equivalently P2) form a 3-belt. Using
this observation we can prove the following.
Proposition 2.2. If P is a connected sum of at least 3 irreducible polytopes and
P 6= T4#T4#T4, then P is not rigid.
Proof. Let P = P1# · · ·#Pℓ for irreducible polytopes P1, . . . , Pℓ. By Proposi-
tion 2.1, it is enough to show that there are two different polytopes in C(P1# · · ·#Pℓ).
Let Q ∈ C(P1# · · ·#Pℓ) be a polytope satisfying the following condition (∗):
there is an edge contained in all 3-belts. We can construct such Q as follows. Let
us fix an edge {a, b} of P1. Let Q1 = P1 and for 2 ≤ i ≤ ℓ, let Qi ∈ C(Qi−1#Pi) be
a polytope obtained by attaching a face of Qi−1 containing {a, b} and a face of Pi.
Then Q = Qℓ satisfies the condition (∗).
It is sufficient to construct Q′ ∈ C(P1# · · ·#Pℓ) which does not satisfy the
condition (∗).
Assume ℓ = 3. Since P 6= T4#T4#T4, we can assume that P1 6= T4. Let
R ∈ C(P1#P2) and {a, b, c} be the unique 3-belt of R. Note that R has at least 7
faces. Since there are only 6 faces in R containing an edge of the 3-belt {a, b, c}, we
can find a face F of R which does not contain any such edge. Let Q′ be a polytope
in C(R#P3) obtained by attaching F and a face of P3. Then the vertices of F form
a 3-belt of Q′. Clearly Q′ does not satisfy the condition (∗).
Assume ℓ ≥ 4. Let R ∈ C(P1# · · ·#Pℓ−1) be a polytope satisfying the condition
(∗). Since R has ℓ− 2 3-belts, there is a unique edge {a, b} contained in all 3-belts
of R. Let F be a face of R which does not contain {a, b}. Let Q′ ∈ C(R#Pℓ) be a
polytope obtained by attaching F and a face of Pℓ. Then Q
′ does not satisfy the
condition (∗). 
Let P be a polytope which is not necessarily simplicial. The first-subdivision,
denoted ξ1(P ), of P is the simplicial polytope obtained from P by adding one
vertex at the center of each face and connecting it to all vertices of the face. The
second-subdivision (or barycentric subdivision) denoted ξ2(P ), of P is the simplicial
polytope obtained from P by adding one vertex at the center of each face and
connecting it to all vertices of the face and all mid-points of the edges of the face.
See Figures 1 and 2.
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Figure 2. D20, ξ1(D20) and ξ2(D20).
dual
←→
Figure 3. A prism and a bipyramid. They are dual to each other.
Let P be a simplicial polytope. The type of a face F of P is defined to be
type(F ) = (x, y, z), where x, y, z are the degrees of the three vertices of F with
x ≥ y ≥ z. If all faces of P have the same type, then P is called face-transitive3
In this case, we define type(P ) to be the type of a face of P . If P is face-transitive
and type(P ) = (x, x, x) for an integer x, then P is called regular. Note that T4, O6
and I12 are the only regular simplicial polytopes.
Lemma 2.3. If |C(P#Q)| = 1 for irreducible polytopes P and Q, then one of P ,
Q is regular and the other is face-transitive.
Proof. If P is not face-transitive, then P has two faces F1, F2 with different types.
Let F be any face of Q. Let P1 (resp. P2) be a polytope in C(P#Q) obtained by
identifying F1 (resp. F2) with F . Then P1 and P2 can not be the same, which is a
contradiction to |C(P#Q)| = 1. Thus P is face-transitive and so is Q by the same
argument.
Let type(P ) = (x, y, z) and type(Q) = (a, b, c). We can identify a face F ′ of P
with a face F ′′ of Q in the following two ways: identify the vertices of degree x, y, z
in F ′ with (1) the vertices of degree a, b, c in F ′′ and (2) the vertices of degree c, b, a
in F ′′ respectively. Then the resulting polytope has a unique 3-belt with vertices of
degree x+ a− 2, y+ b− 2, z+ c− 2 in the first case and x+ c− 2, y+ b− 2, z+ a− 2
in the second case. Since two polytopes are the same, we have x+ a− 2 = x+ c− 2
or x+ a− 2 = z + a− 2. Thus a = c or x = z. Since a ≥ b ≥ c and x ≥ y ≥ z, we
have a = b = c or x = y = z, which implies that either P or Q is regular. 
A prism is the product of an n-gon and an interval. A bipyramid is the dual of
a prism. Let Bn denote the bipyramid with n vertices. See Figure 3.
3The usual definition is that P is face-transitive if for any two faces F1 and F2 of P there is
an automorphism on P sending F1 to F2. It is not difficult to see that our definition is equivalent
to this.
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n 4 6 7 8 9
P ∗
bn−4(P ) −1 3 5 9 5 14 12 8 6 3
Table 2. The complete list of simple polytopes P ∗ with n faces
for n ≤ 9 such that P is an irreducible simplicial polytope with n
vertices, and the numbers bn−4(P ).
Fleischner and Imrich [6, Theorem 3] classified all face-transitive 3-dimensional
polytopes. The following is a consequence of their result.
Proposition 2.4. Let P be a face-transitive simplicial polytope. Then P is either
a bipyramid, a Platonic solid, the first-subdivision of a Platonic solid or the second-
subdivision of a Platonic solid.
One can check that ξ2(T4) = ξ1(C8), ξ2(C8) = ξ2(O6) and ξ2(D20) = ξ2(I12).
Note that ξ1(T4), ξ1(O6) and ξ1(I12) are reducible. Thus we get Theorem 1.2.
3. The maximum of bn−4(P ) for irreducible polytopes
Let P be a polytope with n vertices. Since bn−3(P ) is the number of 3-belts, we
get the following.
Proposition 3.1. Let P1, . . . , Pℓ be irreducible polytopes and let P ∈ C(P1# · · ·#Pℓ).
If P has n vertices, then bn−3(P ) = ℓ− 1.
We will first find an upper bound of bn−4(P ) for an irreducible polytope P with
n vertices, which is established when P = Bn, the bipyramid with n vertices. Our
first step is to find bk(Bn).
Proposition 3.2. For k ≤ n− 3, we have
bk(Bn) =
(n− 2)(k − 1)
n− 2− k
(
n− 4
k
)
+ δk,2.
Proof. Observe that Bn is the graph obtained from an (n − 2)-gon by adding two
vertices v, u connected to all vertices of the (n − 2)-gon. Let W be a set of k
vertices. If v ∈W or u ∈ W , then Bn|W is connected unless k = 2 and W = {u, v}.
Thus it is sufficient to consider the vertices in the (n− 2)-gon. Then it follows from
the result in [1, Example 2.1.(c)]; see also [3, Corollary 3.7]. 
Choi et al. [4] computed the graded Betti numbers of all simplicial polytopes
with at most 9 vertices. We need some of their result as shown in Table 2.
Theorem 3.3. Let n ≥ 4 be a fixed integer. Let P be an irreducible polytope with
n vertices. Then
bn−4(P ) ≤
(
n− 3
2
)
− 1 + δn,6.
The equality holds if and only if P = Bn or P = T4.
Proof. Induction on n. By Table 2, it is true for n ≤ 7. Assume that n ≥ 8 and it
is true for all integers less than n. Since P is irreducible, bn−4(P ) is the number of
4-belts of P . If there is no 4-belt in P , the theorem is true since bn−4(P ) = 0 and
COMBINATORIAL RIGIDITY 7
P is not a bipyramid. Otherwise, take a 4-belt B = {v1, v2, v3, v4} such that vi is
connected to vi+1 for i = 1, 2, 3, 4, where v5 = v1.
Now assume that the graph P is embedded in a plane. Let V be the vertex set
of P . There are two connected components in P |V \B. Let X1 (resp. X2) be the set
of vertices in the connected component in P |V \B which is outside (resp. inside) of
the 4-gon consisting of the vertices in B.
We can assume that |X1| > 1 and |X2| > 1, because otherwise we can assign the
unique vertex of X1 or X2 to B, which implies that bn−4 is less than the number of
vertices, and hence, bn−4(P ) ≤ n <
(
n−3
2
)
− 1. For i = 1, 2, let Pi be the polytope
obtained from P by contracting all vertices in Xi to a single vertex xi. Note that
xi is connected to all vertices of B in Pi.
Let n1 and n2 be the number of vertices of P1 and P2 respectively. Then n1+n2 =
n+ 6 and n1, n2 ≥ 7.
For i = 1, 2, let Ai (resp. Bi) be the set of vertices u of Pi such that {xi, v1, v3, u}
(resp. {xi, v2, v4, u}) is a 4-belt. We claim that A1 = ∅ or B1 = ∅. Assume that
both A1 and B1 are nonempty. Note that x1 is the only vertex in P1 which lies
outside of the 4-gon {v1, v2, v3, v4}. If u ∈ A1 and u′ ∈ B1, then {u, v1}, {u, v3},
{u′, v2} and {u
′, v4} are edges. Since P1 is a planar graph, we must have u = u
′.
Then the edges {u, vi} for i = 1, 2, 3, 4 divide the 4-gon {v1, v2, v3, v4} into four
triangular regions. If we have a vertex inside of the triangle {u, vi, vi+1}, then this
forms a 3-belt of P1, and thus of P . Thus we do not have any vertex except u inside
of the 4-gon {v1, v2, v3, v4}. Then we get n1 = 6 which is a contradiction. Thus we
have A1 = ∅ or B1 = ∅. For the same reason, we also have A2 = ∅ or B2 = ∅.
Let ai = |Ai| and bi = |Bi| for i = 1, 2. Then we have
bn−4(P ) = bn1−4(P1) + bn1−4(P1)− 1− a1 − a2 − b1 − b2 + a1a2 + b1b2
= bn1−4(P1) + bn1−4(P1) + (a1 − 1)(a2 − 1) + (b1 − 1)(b2 − 1)− 3.
Since a1+b1 ≤ n1−5 and a2+b2 ≤ n2−5, we have (a1−1)(a2−1)+(b1−1)(b2−1) ≤
(n1−6)(n2−6)+1, where the equality holds if and only if (a1, b1, a2, b2) is equal to
(n1−5, 0, n2−5, 0) or (0, n1−5, 0, n2−5). Note that ai = ni−5 or bi = ni−5 if and
only if Pi is a bipyramid. Moreover, (a1, b1, a2, b2) is equal to (n1 − 5, 0, n2 − 5, 0)
or (0, n1 − 5, 0, n2 − 5) if and only if P = Bn.
Since n1, n2 < n, by the induction hypothesis, we get
bn−4(P ) ≤
(
n1 − 3
2
)
− 1 +
(
n2 − 3
2
)
− 1 + (n1 − 6)(n2 − 6) + 1− 3
=
(
n− 3
2
)
− 1,
where the equality holds if and only if P = Bn. 
Using a similar argument, we can find the second largest value of bn−4(P ) for an
irreducible polytope P with n vertices.
Let P be a prism which is a product of a k-gon and an interval. Let e be an
edge of one of the two k-gons of P . Then we can obtain another simple polytope
from P by ‘cutting’ the edge e. We will call such a polytope an edge-cut-prism. A
semi-bipyramid is the dual of an edge-cut-prism. See Figure 4.
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dual
←→
Figure 4. An edge-cut-prism and a semi-bipyramid. They are
dual to each other.
Theorem 3.4. Let P be an irreducible polytope with n vertices. If P 6= Bn, then
bn−4(P ) ≤
(
n− 5
2
)
+ 2.
The equality holds if and only if P is a semi-bipyramid.
Proof. Induction on n. If n ≤ 9, then by Table 2, it holds.
Assume that n ≥ 10 and it holds for all integers less than n. We will use the
same notations in the proof of Theorem 3.3.
Case 1: ai = ni−5 or bi = ni−5 for i = 1, 2. Then P1 and P2 are bipyramids.
Recall that if (a1, b1, a2, b2) is equal to (n1−5, 0, n2−5, 0) or (0, n1−5, 0, n2−
5), then P = Bn. Thus (a1, b1, a2, b2) must be equal to (n1− 5, 0, 0, n2− 5)
or (0, n1 − 5, n2 − 5, 0). Hence,
bn−4(P ) = bn1−4(P1) + bn1−4(P1)− 1− a1 − a2 − b1 − b2 + a1a2 + b1b2
=
(
n1 − 3
2
)
− 1 +
(
n2 − 3
2
)
− 1− 1− (n1 − 5)− (n2 − 5)
=
(
n1 − 3
2
)
+
(
n2 − 3
2
)
− n+ 1.
Recall that n ≥ 10, n1, n2 ≥ 7 and n1+n2 = n+6. It is easy to check that
if n1 = 7 or n2 = 7, then P is a semi-bipyramid and bn−4(P ) =
(
n−5
2
)
+ 2.
Otherwise
(
n1−3
2
)
+
(
n2−3
2
)
−n+1 ≤
(
n−5
2
)
+
(
5
2
)
−n+1 <
(
n−5
2
)
+2 because
n ≥ 10.
Case 2: Otherwise. We can assume that 1 ≤ a1 < n1−5. We claim that a1 6=
n1−6. For contradiction, suppose a1 = n1−6. Let A1 = {u1, u2, . . . , un1−6}
and assume that in the embedding of P1, the 4-gon {v1, v2, v3, v4} is di-
vided into the 4-gons {v1, ui, v3, ui+1} for i = 0, 1, . . . , n1 − 6, where u0 =
v2 and un1−5 = v4. Let w be the unique vertex inside of the 4-gon
{v1, v2, v3, v4} which is not contained in A1. Then w is contained in the 4-
gon {v1, ui, v3, ui+1} for some i. If {ui, ui+1} is an edge, then {v1, ui, ui+1}
or {v3, ui, ui+1} is a 3-belt. Thus {ui, w} and {ui+1, w} are edges. Since
P1 is simplicial, {v1, w} and {v3, w} are also edges. Then {v1, w, v3, x1} is
a 4-belt of P1, which is a contradiction to w 6∈ A1. Thus we must have
1 ≤ a1 ≤ n1 − 7. Using a similar argument, we can check that a1 = n1 − 7
if and only if P1 is a semi-bipyramid.
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Since P1 is not a bipyramid and n1 < n, by the induction hypothesis,
we get
bn−4(P ) = bn1−4(P1) + bn1−4(P1)− 1− a1 − a2 − b1 − b2 + a1a2 + b1b2
≤ bn1−4(P1) + bn2−4(P2)− 1− a1 − a2 + a1a2
= bn1−4(P1) + bn2−4(P2) + (a1 − 1)(a2 − 1)− 2
≤
(
n1 − 5
2
)
+ 2 +
(
n2 − 3
2
)
− 1 + (n1 − 8)(n2 − 6)− 2
=
(
n− 5
2
)
+ 2,
where the equality holds if and only if a1 = n1 − 7 and a2 = n1 − 5, equivalently,
P is a semi-bipyramid. 
Now we will find the maximum of bn−4(P ) when P is a connected sum of ℓ
irreducible polytopes.
Let P ∈ C(P1#P2) be a polytope with n vertices, where P1 and P2 are polytopes
with n1 and n2 vertices respectively. Additionally, we assume that P2 is irreducible.
Note that n = n1 + n2 − 3. By (3), we have
bn−4(P ) =
n−4∑
i=0
(
bi(P1)
(
n2 − 3
n− 4− i
)
+ bi(P2)
(
n1 − 3
n− 4− i
))
+
(
n− 3
n− 4
)
.
Since
(
n2−3
n−4−i
)
= 0 unless i ≥ n1 − 4 and
(
n1−3
n−4−i
)
= 0 unless i ≥ n2 − 4, we get
(4) bn−4(P ) = bn1−4(P1) + bn2−4(P2) + (n2 − 3)bn1−3(P1) + (n− 3).
Lemma 3.5. Let P ∈ C(P1# · · ·#Pℓ), where Pi is an irreducible polytope with ni
vertices. Let n be the number of vertices of P . Then
bn−4(P ) =
ℓ∑
i=1
bni−4(Pi) + (n− 3)(ℓ− 1).
Proof. Induction on ℓ. If ℓ = 1 then it is clear. Let ℓ ≥ 2 and assume that it holds
for all integers less than ℓ.
Let P ∈ C(P1# · · ·#Pℓ). Then P ∈ C(Q#Pℓ) for some Q ∈ C(P1# · · ·#Pℓ−1).
Let n′ be the number of vertices of Q. Then by (4),
bn−4(P ) = bn′−4(Q) + bnℓ−4(Pℓ) + (nℓ − 3)bn′−3(Q) + (n− 3).
By the induction hypothesis,
bn′−4(Q) =
ℓ−1∑
i=1
bni−4(Pi) + (n
′ − 3)(ℓ− 2).
Since bn′−3(Q) = ℓ− 2 and (n′ − 3) + (nℓ − 3) = n− 3, we get
bn−4(P ) =
ℓ∑
i=1
bni−4(Pi) + (n− 3)(ℓ− 1).

For an integer n, let f(n) =
(
n−3
2
)
− 1 + δn,6. Thus f(n) is the maximum of
bn−4(P ) as shown in Theorem 3.3.
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Lemma 3.6. Let m ≥ n > 4. Then we have f(m) + f(n) < f(m+ 2) + f(n− 2),
if (m,n) = (6, 6), and f(m) + f(n) < f(m+ 1) + f(n− 1), otherwise.
Proof. If (m,n) = (6, 6), then it is clear. Otherwise,
f(m+ 1) + f(n− 1)− f(m)− f(n) = (m− 3)− (n− 4) + δm+1,6 + δn−1,6 − δm,6 − δn,6
≥ (m− n) + 1− δm,6 − δn,6 ≥ 1.

Lemma 3.7. Let n, ℓ be fixed integers. Let n1, . . . , nℓ be integers satisfying ni ≥ 4
for all i and
∑ℓ
i=1 ni − 3(ℓ− 1) = n. Then
f(n1) + · · ·+ f(nℓ) ≤
(
n− 2
2
)
− nℓ+
ℓ(ℓ+ 3)
2
+ δℓ,n−5,
where the equality holds if and only if for some j, nj = n − ℓ + 1 and ni = 4 for
i 6= j.
Proof. The equality condition is straightforward to check.
Since the number of sequences n1, . . . , nℓ satisfying the conditions are finite, there
exists a sequence such that f(n1) + · · ·+ f(nℓ) is maximal. Thus it is sufficient to
show that if there are two integers i, j with ni ≥ nj > 4, then there is a sequence
n′1, n
′
2, . . . , n
′
ℓ satisfying the conditions and f(n1)+ · · ·+f(nℓ) < f(n
′
1)+ · · ·+f(n
′
ℓ).
By Lemma 3.6, we can obtain such a sequence by replacing ni and nj with ni + 1
and nj − 1 (or ni + 2 and nj − 2 if ni = nj = 6). 
The following is the main theorem of this section.
Theorem 3.8. Let P be a connected sum of ℓ irreducible polytopes. Let n be the
number of vertices of P . If ℓ ≤ n− 4, then
bn−4(P ) ≤
(
n− 3
2
)
+
ℓ(ℓ− 3)
2
+ δℓ,n−5,
where the equality holds if and only if P is a connected sum of a bipyramid and
ℓ− 1 tetrahedrons.
Proof. Let P = P1# · · ·#Pℓ. Let Pi have ni vertices. We can assume n1 ≥ · · · ≥
nℓ ≥ 4. By Theorem 3.3, Lemma 3.5 and Lemma 3.7, we have
bn−4(P ) =
ℓ∑
i=1
bni−4(Pi) + (n− 3)(ℓ− 1)
≤
ℓ∑
i=1
f(ni) + (n− 3)(ℓ− 1)
≤
(
n− 2
2
)
− nℓ+
ℓ(ℓ+ 3)
2
+ δℓ,n−5 + (n− 3)(ℓ− 1)
=
(
n− 3
2
)
+
ℓ(ℓ− 3)
2
+ δℓ,n−5.
The equality holds if and only if P1 is a bipyramid and Pi is the tetrahedron for
i > 1. 
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4. Combinatorial rigidity of simplicial polytopes
Recall that two polytopes P and Q are combinatorially rigid if bk(P ) = bk(Q)
for all k implies P = Q. If bk(P ) = bk(Q) for all k, then the numbers of vertices of
P and Q are the same. In fact, the number of vertices of P is determined by b2(P )
as follows.
Proposition 4.1. Let P be a polytope with n vertices. Then
n =
7 +
√
8 · b2(P ) + 1
2
.
Proof. Let e (resp. f) be the number of edges (resp. faces) of P . Then by the
Euler’s theorem, we have n − e + f = 2. Since P is simplicial, we have 2e = 3f .
Thus e = 3n−6. Observe that b2(P ) is the number of ways of choosing two vertices
of P which are not connected by an edge. Thus b2(P ) =
(
n
2
)
− e =
(
n
2
)
− 3n + 6.
Solving this equation, we get the theorem. 
Proposition 4.2. A bipyramid and a semi-bipyramid are rigid.
Proof. Let P be a polytope with bk(P ) = bk(Bn) for all n. By Proposition 4.1, P
has n vertices. Since bn−3(P ) = bn−3(Bn) = 0, P is irreducible. By Theorem 3.3
with bn−4(P ) = bn−4(Bn), we get P = Bn. Thus Bn is rigid. We can prove the
rigidity of a semi-bipyramid in the same way using Theorem 3.4. 
Theorem 1.3 follows from the following propositions. Note that T4#T4 is rigid
because it is the only polytope with 5 vertices. Note also that O6 = B6.
Proposition 4.3. For n ≥ 6, the connected sum T4#Bn is rigid.
Proof. This is an immediate consequence of Theorem 3.8. 
Proposition 4.4. For n ≥ 6, the connected sum O6#Bn is rigid.
Proof. Let n′ be the number of vertices of O6#Bn, i.e., n
′ = n + 3. Let P be a
polytope with bk(P ) = bk(O6#Bn) for all k. Since bn′−3(P ) = bn′−3(O6#Bn) = 1,
we have P ∈ C(P1#P2) for some irreducible polytopes P1 and P2. Let n1 and n2
be the number of vertices of P1 and P2 respectively. Then n1+n2 = n+6. Assume
n1 ≥ n2. Since bn′−4(P ) = bn′−4(O6#Bn), by Lemma 3.5, we have bn1−4(P1) +
bn2−4(P2) = b6−4(O6) + bn−4(Bn). Since b6−4(O6) + bn−4(Bn) = f(6) + f(n) and
bn1−4(P1) + bn2−4(P2) ≤ f(n1) + f(n2), by Lemma 3.6, we have n2 ≤ 6.
If n2 = 6, then the equality holds and we get that P1 = Bn and P2 = O6. Since
there is no irreducible simplicial polytope with 5 vertices, we have n2 6= 5. Now
assume n2 = 4. Then P2 = T4 and n1 = n + 2. Since bn1−4(P1) + bn2−4(P2) =
b6−4(O6) + bn−4(Bn) = 3 +
(
n−3
2
)
− 1 + δn,6 and bn2−4(P2) = −1, we get
(5) bn1−4(P1) =
(
n− 3
2
)
+ δn,6 + 3.
Case 1: P1 is a bipyramid. Then(
n− 1
2
)
− 1 + δn+2,6 =
(
n− 3
2
)
+ δn,6 + 3.
Thus we have 2n − 5 = 4 + δn,6 − δn,4, which does not have an integer
solution for n ≥ 6.
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Case 2: P1 is not a bipyramid. Then by Theorem 3.4, we get bn1−4(P1) ≤(
n−3
2
)
+ 2, which is a contradiction to (5).
Thus we can only have P1 = Bn and P2 = O6, thus P = O6#Bn and O6#Bn is
rigid. 
Proposition 4.5. The connected sum T4#I12 is rigid.
Proof. Let bk(P ) = bk(T4#I12) for all k. Using the same argument in the proof of
Proposition 4.4, we have P = P1#P2 for some irreducible polytopes P1 and P2 with
n1 and n2 vertices respectively, and bn1−4(P1)+bn2−4(P2) = b4−4(T4)+b12−4(I12) =
−1 + 0. Note that if a polytope Q with n vertices satisfies bn−4(Q) < 0, then
Q = T4. Moreover, I12 is the only polytope with 12 vertices without 4-belts. Thus
{P1, P2} = {T4, I12} and P = T4#I12. 
5. Further study
In this paper, we show that for a 3-dimensional irreducible simplicial polytope
P with n vertices, bn−4(P ) has the maximum when P = Bn.
Problem 1. Find the maximum of bk(P ) for a 3-dimensional irreducible simplicial
polytope P with n vertices.
Since the polytopes in Table 1 are the only possible 3-dimensional reducible
combinatorially rigid polytopes, the following problem is solved if we prove the
rigidity of those polytopes. Note that except I12#Bn, the remaining polytopes are
finite.
Problem 2. Classify all 3-dimensional reducible combinatorially rigid polytopes.
Problem 3. Generalize the arguments in this paper to arbitrary dimensional sim-
plicial polytopes.
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